Abstract. The report presents a study of the thermal boundary effect behaviour in the hexagonal-type rigid conductors. Every hexagonal cell of the conductor is made of three rhombus parts. Some special cases of a considered conductor with rhombus parts built of two layers of different isotropic material are analyzed. The tolerance averaging approach is used as a tool of modeling. The most important result of the paper is specification of parameters which determine the character and the intensity of the boundary effect behavior. Introduced in the contribution the boundary effect intensity parameter is suggested to be treated as a certain measure of the intensity of boundary effect behavior.
Introductory concepts
The behavior of perturbation of the various physical fields caused by its interacting jointly with the boundaries of the regions occupied by these fields is usually referred to as the boundary effect behavior. Since the nature of boundary effect behavior is very complicated, it is difficult to obtain an exhausting description of that effect. In this contribution, considerations are restricted to descriptions of the behaviors interrelated with the boundary effects caused by the hexagonal microstructure of the conductor. The aim of the paper is to propose the averaged model of boundary effect behavior and to show that in the framework of proposed model it reduces to the suppressed expansion of the near-boundary fluctuations of the temperature field into the interior of the conductor.
The tolerance averaging is taken into account as the tool of modeling. The choice of this method seems to be natural since in this approach the thermal state of the conductor is described not by the classical temperature field but by the pair of fields: averaged temperature field (over periodicity cells) and the fluctuation amplitudes fields. For details the reader is referred to [1] [2] [3] [4] . The biperiodic hexagonal-type material structure with rotational symmetry is illustrated in (Fig. 1) . The object of interest of this paper is a special kind of behavior observed in periodic structures that is called boundary effect behavior. It consists of suppressing the fluctuation amplitudes in very thin selvedge layer in conductor. To describe the boundary effect there has been used the boundary effect equation, cf. [5, 6] , which is part of the second of tolerance model equations obtained using the tolerance averaging technique, cf. [2, 7, 8] , from parabolic heat transfer equation. Similar methods of modeling hexagonal-type structures were also analyzed in [9] [10] [11] .
For given periodic structure parameter 0 λ > the basic cell will be identified with the hexagon λ λ ∆ ≡ ∆ , where
are apexes of basic cell.
Every hexagonal cell
will be assumed to be obtained as a result
Carthesian coordinate system to the origin
, ,
the lattice of basic cell origins, in the coverage
which consists of hexagonal cells
geometrically and materially isomorphic with the basic cell λ∆ [12] . In the introduced Carthesian orthogonal coordinate system 1 2 3 Ox x x plane 1 2 Ox x is a biperiodicity plane and 
Ox
Oz = is normal to this plane. The positive real λ being a side length of basic cell and, as it has been already mentioned above, it will be referred to as a microstructural parameter provided that it is small when compared with the characteristic length dimension of the region occupied by the conductor in the reference configuration. Hence, ∆ is a regular hexagon with the side length equal to 1.
Considerations will be restricted to the special kind of the basic cell ∆ λ which is divided into three material rhombus parts
, cf. Figure 2 , such that we deal with the basic cell with the rotational symmetry. It means that the material structure of every rhombus part can be obtained from the material structure of the other rhombus as a certain rotation over an angle 2π/3 with the origin of the introduced Carthesian coordinate system as a center of the rotation. Thermal properties of each rhombus are described by heat conductivity tensor ( ) K ⋅ and by specific heat
In the considered case the heat conductivity tensor ( ) K ⋅ in each of the three rhombus parts has form
Symbol H means the thickness of the conductor layer and 2 / 3 Q π denotes the related rotational matrix
Moreover, it will be assumed that we deal with the special kind of anisotropic conductor with the conductivity matrix ( ) K ⋅ given by:
It means that directions of principal axes of the conductivity tensor are congruent with the axes of the spherical coordinate system. For the purpose of further consideration there is assumed a jump discontinuous of the heat conductivity matrix on interfaces between three rhombus sections which are treated as perfectly bonded [13, 14] . 
Boundary effect equation
To formulate the tolerance effect equation we shall use the tolerance modeling technique to the parabolic heat transfer equation with periodic coefficients
In the above equation symbol ( , ) b b x z = means the heat sources field and ( , , ) x z t θ θ = denotes the temperature field. An overdot denotes the time derivative. Moreover,
. The well-known tolerance averaging technique applied to the equation (4) leads to the model equations:
with basic unknowns ( , , ) u u x z t = and ( , , ) x z t ψ ψ = , cf. [1] [2] [3] [4] . The first basic unknown ( , , ) u u x z t = is the averaged temperature field defined by ( , , ) ( , , ) u x z t x z t θ = 〈 〉 for integral averaging operation over the hexagonal cell
The second basic unknown ( , , )
is the number of shape functions and where ( , , ), a a x z t ψ ψ = 1,..., , a n = are referred to as fluctuation amplitudes and is interrelated with temperature field ( , , ) x z t θ θ = and averaged temperature field ( , , ) u u x z t = by the micro-macro hypothesis which postulates that the temperature field can be approximated by:
Here and in the sequel small Latin sub-and super-scripts , , ,...
, is the sequence of shape functions which should be postulated in every tolerance modeling problem. The matrix coefficients in (5) are given by:
The second equation from (5) can be treated as a system of ordinary differential equations with respect to the unknown functions
, , ψ ψ ψ and the boundary effect equation will be identified in this paper (by definition) as the homogeneous part of this system, i.e. 
The choice of the form and the number of shape functions ( )
, is in fact the crucial part of the procedures which in many papers are referred to as tolerance modeling. For example, in the tolerance modeling of uniperiodic two-constituent laminates the saw-like function seems to be sufficient to obtain models that yield acceptable approximate description of various physical problems. In the framework of the realization of the tolerance modelling of heat transfer behaviors in the hexagonal-type rigid conductors, the system of three shape functions
will be taken into account. Hence the tolerance averaging modeling procedure will be realized forunknowns 1 2 3 , , , u ψ ψ ψ consisting of averaged temperature field u and three fields of fluctuation amplitudes 1 2 3 , , ψ ψ ψ .
Modeling procedure
The boundary effect equation (9) will be more widely evaluated after introducing shape functions 1 2 3 , , g g g interrelated by conditions: 
where
is the rotation over 2 /3
R with an arbitrary chosen origin
of a hexagonal cell as a center of rotation. This means that the shape function system is generated by single function peaks g which is built with pieces of linear function of variables 1 2 , x x and has been presented in Figure 3 . It will be referred to as a generating function. Under micro-macro hypothesis (7) conditions (10) can be interpreted as a certain realization of hypothesis that in the first approximation the difference u θ − between the temperature field θ and averaged temperature field u is, for every three directions intersected over the angles
based on the same temperature shape determined here, under formulas (10), by generating function peaks g . To define a generating function peaks g let: Finally let: 
where I denotes the unit 3 3 x matrix. As the most important fact it will be emphasized that for introduced shape function it is possible to satisfy the continuity condition for the component of the tolerance heat flux vector, normal to planes dividing regions occupied by different materials, cf. [15] . That is why the fluctuation amplitudes 1 2 3 , , ψ ψ ψ can be treated as temperature fluctuation amplitudes. Moreover, under (14) , boundary effect equation (6) separates for three second order ordinary differential equations with the same coefficients which depend on two material parameters 
Illustrative problem
To illustrate theoretical considerations in the previous sections, let us consider the stationary heat transfer problem for layer (0, ),
To avoid unnecessary misunderstandings, we shall assume that region 
The largest boundary effect appears at points of the conductor, in which values of functions 
Four examples of material structure have been presented. In first three examples the components of heat conductivity tensor K have form:
which corresponds to elements of the well-known tolerance effective conductivity matrix of two-layer laminate [2] . In the above formulas heat conductivities of layers are denoted by Quotient / χ η can be treated as a certain measure of the intensity of boundary effect behavior and will be referred to as the boundary effect intensity parameter. The intensity of boundary effect behavior is the highest when the layer of suppression of fluctuation amplitudes is the thinnest. The above graph illustrates the interrelation between the intensity of boundary effect behavior ( ) / f η χ η = and nondimentional microstructure parameter η for four presented examples.
Final remarks
The interpretation of the solution illustrated in Figure 5 is related to results presented in Figure 6 . The intensity of boundary effect grows with decrease of nondimensional microstructure parameter .
η The boundary effect is stronger for the smaller cell and larger width of the dividing wall.
The lines presented onto both Figures yield conclusions:
1. The most intense of boundary effect appears for small dimension of cell λ and small value of η.
2. The highest intensity of boundary effect behavior is observed for the fourth example when the components of heat conductivity tensor K have very different values.
3. If rhombus parts of the considered conductor are made of two-layer laminates then the most intense boundary effect appears for two materials with very similar heat properties, which is the opposite results obtained in the fourth example. It must be also emphasized that for the first two examples the results are the same despite the fact that thickness of two layers in both examples are different. The reason for this is adaptation of the tolerance effective conductivity matrix of two-layer laminate to calculations in examples 1, 2 and 3. Hence, this intensity is independent of the form of boundary conditions (14) .
It must be emphasized that, as usual in tolerance modeling, results obtained in this paper have only a qualitative character. The obtained solution of boundary effect equation for the considered hexagonal type rigid conductor leads to the conclusion that the intensity of boundary effect depends on parameters 
